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Abstract 

The anomaly cancelation method proposed by Wilczek et al. is applied to the general charged 
rotating black holes in five-dimensional minimal gauged supergravity. Thus Hawking temperature 
and fluxes are found. The Hawking temperature obtained agrees with the surface gravity formula. 
The black holes have charge and two unequal angular momenta and these give rise to appropriate 
terms in the effective U(l) gauge field of the reduced (l-l-l)-dimensional theory. In particular, 
it is found that the terms in this U(l) gauge field correspond exactly to the correct electrostatic 
potential and the two angular velocities on the horizon of the black holes, and so the results for 
the Hawking fluxes derived here from the anomaly cancelation method are in complete agreement 
with the ones obtained from integrating the Planck distribution. 
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I. INTRODUCTION 



Hawking radiation is a key effect in quantum gravity. There are various derivations, 
including Hawking's original one [l| calculating Bogoliubov coefficients, which have shown 
that the radiation is thermal with a blackbody spectrum at a temperature given by the 
surface gravity, Th = k/2tt. Derivations have been found also using Euclidean quantum 
gravity and in string theory [3]. A derivation using semiclassical methods (WKB) in a 
tunneling picture has been proposed in 

Recently, a new method for calculating Hawking radiation from the horizon of black 
holg has been developed by Robinson and Wi.ezek fl and by Iso. U,netsu. and W.c^k 
[6|,17|. The new method ties the existence of Hawking radiation to quantum anomalies at 
the horizon of black holes. More precisely, it is argued that Hawking fluxes are necessary 
in order to cancel gauge and gravitational anomalies at the horizon and restore invariance 
in the effective field theory under gauge and diffeomorphism transformations. The method 
uses a massless scalar field to probe the black hole background and the key step, the one 
that needs to be carried out separately for each black hole case, is the dimensional reduction 
of the scalar field action in the black hole background considered in each case. That is, 
one considers a complex scalar field in the black hole background and reduces its action 
near the horizon to a collection of (1 + 1)— dimensional fields. Then using the ideas and 
calculations in one obtains the Hawking temperature TWfrom the anomaly cancelation 
viewpoint. Furthermore, using the analysis carried out in 6, 3] one may also find the specific 
Hawking fluxes of the energy-momentum, angular momentum (if the black hole is rotating) 
and electric charge (if the black hole is charged). 

During recent intense work the method proposed by Wilczek et al. 

BB.Q 

has been 

successfully applied to various black objects [8]. In the direction of further extending the 
method, higher spin currents were studied under conformal transformations to obtain the 
full thermal spectrum of Hawking radiation [qI. An interesting point raised in was that 
while it is the consistent form of the anomalies that is canceled, the boundary condition 
employed at the horizon is the vanishing of the covariant form of the current. Following 



up, m 



10| a variant of the original method was proposed in which only covariant forms 



of the anomalies are used and all its applications 



ll| have conffimed the results obtained 



in the corresponding papers in [S]. For a discussion of the relative merits of these various 
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approaches see 12| . In this paper however, as we are primarily concerned with applying the 



bl 



13|. 



ow the original approach of only. For other 



method to a new black hole, we will 

related work on the subject see also ^ ^ 

In this paper we apply the anomaly cancelation method to obtain the Hawking 

temperature and fluxes of the recently discovered general nonextremal charged rotating 
black holes in flve-dimensional minimal gauged supergravity [14]. These black holes are the 
charged generalizations of the neutral Kerr-AdS black holes in D = 5 gauged supergravity 
found in [l^. They are parametrized by four nontrivial parameters, namely, their mass, 
charge, and two independent rotation parameters in the two orthogonal 2-planes. The 

n n 

special case in which the two rotation parameters are equal was obtained flrst in |16l . [ITJ ■ 
-D = 5 gauged supergravities are especially interesting in the context of the AdS/CFT 
correspondence, as their properties are related to those of the strongly coupled conformal 
field theories on the four-dimensional boundary of AdSs. In particular, it has been shown 
in 15| that the backgrounds of rotating asymptotically AdS black hole solutions of -D = 5 
gauged supergravities are dual to = 4 conformal field theories in the rotating Einstein 
universe on the boundary. It is therefore an interesting and important task to study the 
thermodynamic properties of the black holes in gauged supergravities. In this paper the 
anomaly cancelation method is applied for the first time to black holes in supergravity 
theory. 

The rest of the paper is as follows. In Section [III we give the metric and basic properties 
of the charged rotating black holes in D = 5 minimal gauged supergravity. We also derive 
the fiuxes of Hawking radiation from general charged rotating black holes by integrating the 
Planck distribution. This will serve as a reference for comparing with our results obtained 
later using the anomaly cancelation method. In Section UTTl we use the dimensional reduction 
technique of H for .ha general D = 5 .ninto^ ganged snpergravrty black holes, and we apply 
the anomaly cancelation method, following [5|, l6|, 17[ , to derive the Hawking temperature and 



fiuxes of charge, angular momenta, and energy-momentum tensor. We find agreement of 
the results with the surface gravity formula for the temperature and the results of section 
inifor the fiuxes. Section [IV] is the conclusion. In the Appendix we give some details of the 
calculations involved in the dimensional reduction of the D = 5 minimal gauged supergravity 
black holes. 
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II. CHARGED ROTATING BLACK HOLES IN Z) = 5 MINIMAL GAUGED SU- 
PERGRAVITY 



In this section we first review the space-time solution and basic properties of the black 



14| . Here we also find the 



holes we are considering. We follow closely the notations in 
Hawking fluxes derived from integrating the Planck distribution. 

Minimal gauged five-dimensional supergravity is described by the Lagrangian density 

C = {R + 12g^)*l-l*FAF + ^FAFAA, (1) 

2 3v 3 

where F = dA, and the gauge-coupling constant g is assumed to be positive, without loss 
of generality. Solutions to the corresponding equations of motion, which describe general 
nonextremal charged rotating black holes with two independent rotation parameters, were 
recently obtained in [l^. In Boyer-Lindquist type coordinates x'^ = {t,r,6,(f,ip) that are 
asymptotically static^, the metric is given by 

,2 Ae[(l + g^r^)p^dt + 2qu]dt 2quuj X/Aedt \2 p^dr^ p^dO^ 
ds = — \ — + — -uj] + — h 



-^-^^ sin^ edip^ + cos^ ^ (2) 



where 



V = b sin^ 6 d(p + a cos"^ 6 difj , u = asiv? 6-^^ + hcos^ 9-;^ ^ 

p^ = + cos' 9 + 6^ sin^ 9, Ae = I - a'} cos^ 9 - b'g' sin^ 9 , 
{r'^ + a''){r' + b'){l + g'r'^) + q' + 2abq 

A = 2mp2 - g2 + 2abqg'p', = I - a'g^ , 2^ = 1 - b'^g' . (3) 

The background gauge electromagnetic field is given by 

A=^(^-u). (4) 

Also note that the metric on the unit sphere is taken dQ^ = d9' + sin^ 9d{p'' + cos^ 9dip'', and 
so here 9 runs over the range to 7r/2, and ip, ip take values between and 27r. 



^ For the metric in Boycr-Lindquist coordinates which are rotating at spatial infinity see, for example, 18 1. 
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In the appropriate parameter ranges, the metric (12]) d escribes regular rotating black holes, 

with no naked singularities or closed timelike curves [ij] . The event horizon r+ is the largest 

positive root of = 0. The angular velocities at the horizon are given by 

^ a{rl + b^){l + g^rl) + bq ^ bjrl + a^){l + g^rl) + aq 

"'"^ {rl + a^){rl + h^)+ahq ' '''' {rl + a^){rl + b"") + abq ' 

There are three commuting Killing vectors, namely dt,dip, and d^, associated with the 

translational and bi-azimuthal rotational isometries of (El). Thus using the corotating Killing 

vector 

i = dt + ^a,h + ^b,h , (6) 

we find that the electrostatic potential on the horizon is 

^^-ff^A I ^^^^ (7\ 

' '^''^ {rl + a^){rl + b^) + abq- 

In order to compare with our result from the anomaly cancelation later, we give here the 

Hawking temperature as it was calculated in [l^ via the surface gravity: 

K _ 1 rl[l + g'i2rl + a' + b')]-{ab + qy 
2n 2n r+[{rl + a^)irl + b^) + abq] ' 
Let us also calculate here the Hawking fluxes one obtains from integrating the Planck distri- 
bution for a general rotating black hole with a nontrivial electromagnetic background gauge 
field A. The appropriate chemical potentials for fields radiated with azimuthal angular mo- 
menta m and n and with an electric charge e, are the horizon angular velocities fla,h and Qfy,h 
and the electrostatic potential on the horizon (respectively). For fermions, the Planck 
distribution for blackbody radiation moving in the positive r direction at a temperature Th 
is given by, 

Ne,mA^) = ^(c.-e<S>-mn,,^-nn,,^)/T„ ^ i (9) 

We consider only fermions in order to avoid superradiance [7] . From the above distribution 
and including the contribution from the antiparticles, we find the following Hawking fluxes 
of electric charge, angular momenta, and energy-momentum tensor respectively: 

[e<!>h + mQa,h + nQb,h) , (10) 

(e$fe + mna,h + nVLb^h) , (H) 

{e^h + mVla^h + nnb,h) , (12) 

{e<^^ + nina,h + nnb,hf + ^Tl. (13) 





r duo 

^ / r> ' e,m.n l^^j e,— m,- 
Jo 


-n(^)) = 


^( 


Fa 


Jo 


-nH) = 


m 
' 2^ 


Ft 


Jo 27r 


= 


n 

2^ ' 


Prp 


Jo 27r 


--n(^)) = 


1 

47r 
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We shall derive the above fluxes by the anomaly cancelation method for the charged rotating 
black holes ([2lll]) in the following section. 



III. DIMENSIONAL REDUCTION AND ANOMALY CANCELATION 

In this section we perform the dimensional reduction and anomaly cancelation procedure 
and derive the Hawking temperature and fluxes for the charged rotating black holes of D = 5 
minimal gauged supergravity. 

Consider a massless complex scalar field in the background of ([2lll]) . The free part of the 
action is 



+^de^/^g''de + -Ls.v^/'-a,) , (14) 
a/— ^ —a / 



where Df = dt + ieAf, = + ieA^ and = + ieA^, and e is the electric charge of 
0. To study the near horizon theory, r — r+, it is most convenient to transform first to a 
"tortoise" like coordinate. In our case if we first transform to the r* coordinate defined by 

and then take the near horizon limit r — > r+ {i.e. — 0) we obtain a near horizon action 
which, quite remarkably, may be written as^: 

S ^ — I dtdr^ sin 2ededfdij ^ 0* [(A + ^aD^ + ^bD^f - dlj\ <P , (16) 

with 

_ a{r^ + b'^){l + g^r^) + bq _ &(r^ + a^)(l + ^V^) + gg 

" ~ {r^ + a^){r^ + b^) + abq ' ^ ~ {r^ + a^){r^ + b^) + abq ' ^ ^ 

and 

^ ^ (r^ + a^)(r^ + &^) + a&g 
r 

Note that Dt + ^aD^ + fife-D^ = dt + ^ad^, + ^bd^ + , with 
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$ = ^ (19) 

{r^ + a^){r^ + b^) + abq ' ^ ' 



Refer to the Appendix for some of the calculations that lead to the given result. 



At this point we also wish to change the variable 9 to 29 so that it runs over the range to 
TT. Then fll6l) becomes, 



S ^ — [ dtdn sin 9d9d^d^ ^ 0* [{dt + ^ad^ + n^d^ + ie^f - d^] . (20) 

Here 9 runs over the range to vr, and 0, ip take values between and 2tt as before. Then 
by expanding the complex field as 

= 5Z 0zmn(r„ t) PiUcos 9)e'^^e'^^ , (21) 

l,m,,n 

we may integrate out all dependence on angles to find that 

5 ^ V --rj^ I dtdr, m 0;„„ [{dt + imna + mfi,, + ze^)' - ^^J 0^^, . (22) 

, ^^a^b J 

This is the most important equation of the paper. It implies that the near horizon theory 
has been reduced to an infinite collection of massless (1 + 1)— dimensional fields labeled by 
the quantum numbers Z,m, n. Indeed, transforming back to the original (r, t) coordinates, 
to each of the fields (pimn corresponds the action 

1 



Simn = dtdr"^ cpi^^ 



■'Imn ' 



(23) 



where /(r) = dr/dr^, defined in f|T5|) . and \E' = \E'/(4SaHb). That is, each 0imn can be 
considered as a (1 + 1)— dimensional complex scalar field in the backgrounds of the dilaton 
metric 

ds-" = -f{r)de + ^dr\ (24) 

fin 

and U{1) gauge potential 

At = -6$ - mila - nilb , Ar = 0. (25) 

In this effective U{1) gauge field the first term is due to the electric field of the black hole 
and the two remaining ones are induced from the bi-azimuthal symmetry of the metric ([2]). 

Also note that any possible mass or interaction terms in the full action would have been 
trivially suppressed in the near horizon limit too, since they would all be multiplied by a 
factor / in the tortoise coordinates. 

At this point we impose the constraint that the classically irrelevant ingoing modes vanish 
near the horizon and thus the theory becomes chiral. Hence anomalies arise, and for their 



cancelation one needs fluxes which, as will be shown, may account for the Hawking fluxes 
of the black hole. In particular, it was shown in [5:i] that for a metric of the form flMl) the 
cancelation, in the effective fleld theory, of the (purely timelike) anomaly for the energy- 
momentum tensor, 

V.Ti: = ^J:j^^'%d.K, (26) 
at the horizon, requires a total flux equal to that of a (1+1) dimensional beam of massless 
blackbody radiation moving in the positive r direction at the temperature Th = ^c?r/|r+- 
It is worth noting that one can only obtain the total flux and not the precise spectrum so 
that blackbody radiation is an assumption rather than a derivation (see however ^) The 
corresponding temperature Th has been checked to agree with the Hawking temperature for 
every space-time considered so far. Elevating this consistency check to a derivation we thus 
flnd that the Hawking temperature of our black holes is given by 

1 1 

^ 1 rlil + g\2rl + + b')] - jab + q)^ 

2tt r+[{rl + a^){rl + b^) + abq] ' ^ ^ 

This result agrees with ([8]) as given in where the Hawking temperature was calculated 
as the surface gravity at the horizon k divided by 2n. 

In js, 7] fluxes of electric charge, angular momentum, and energy momentum-tensor nec- 
essary for canceling, in the effective fleld theory, gauge and gravitational anomalies at the 
horizon were computed by deriving and solving the appropriate Ward identities. For exam- 
ple, the effective two-dimensional current associated with the original gauge symmetry, 
which is deflned from the flve-dimensional current by integrating over a 3-sphere 

f = I dQ, 1^:^^ r , (28) 

is anomalous near the horizon, the gauge anomaly being given by 

drf=^drAt. (29) 

47r 

Note that the current fl28l) is the consistent current, and the right-hand side of fl29|) is the 
gauge anomaly in a consistent form. By solving this equation with appropriate boundary 
conditions (vanishing of the covariant form of current at the horizon) [a, |7|], the flux of 
electric charge from the black holes is obtained: 



-At{r+) = — {e<l>h + mQa,h + nQb,h) ■ (30) 



Similarly, the currents J^, in the two-dimensional theory associated with the bi-azimuthal 
symmetries^ obey analogous anomalous equations near the horizon, 



m 



fn T) 

drJ; = -^drAt , drJ; = —drA , (31) 



which lead [6|, [Tj] to the following fluxes of angular momenta: 

Tfl Tfl 

- 7^A(r+) = — {e^h + m^a^h + , (32) 

ZTT zvr 

Ti Ti 

-7^Mr+) = — {e<i>h + mQa,h + nnb,h) . (33) 

Finally, the anomalous equation of the two-dimensional energy-momentum tensor near the 
horizon is given by 

drT[ = TrtX + AtdrX + 9,iV[ , (34) 

where Trt = dr-At and J"" = \f = ^J^ = ^J^ satisfies drJ"" = ^drAt- Solving it 
determines the fiux of ene^y-momentum, which is found to be -^A^ij^) + N[{r^) with 



— (/'^ + / / ")/1927r j6|,|7j. That is, in our case we find that the fiux of energy-momentum 
is 

i-^?(r+) + iV[(r+) = i- (e$, + mn,,, + nn,,,f + ^T^ . (35) 

As (l30l [321 [33l 1351) clearly agree with the corresponding ones ( TTOl [TTl [T2l [T3l) we have shown 
that the Hawking fiuxes of the black holes considered in this paper may be derived from 
anomaly cancelation at the horizon of the black holes, and the results agree with those 
calculated from integrating the thermal spectrum ([9]). 



aa. 



IV. CONCLUSION 



In this paper we have applied the method of canceling quantum anomalies at the horizon 
to derive the Hawking temperature and fiuxes of the general nonextremal charged rotating 
black holes with two independent angular momenta in D = 5 minimal gauged supergrav- 
ity. It was shown that near the horizon the quantum field behaves as an infinite set of 

^ These are defined in terms of tlie T^, components of the five-dimensional energy-momentum tensor as 
follows: 
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two-dimensional conformal fields labeled by three quantum numbers. The effective two- 
dimensional theory near the horizon is described by charged matter fields in an electric field. 
In particular, the bi-azimuthal symmetry of the black holes leads to U{1) gauge symmetries 
for each partial field mode, and their respective U{1) charges are given by the correspond- 
ing azimuthal quantum numbers. By demanding gauge and diffeomorphism invariance in 
the effective two-dimensional field theory near the horizon, i.e. by canceling the gauge and 
gravitational anomalies that arise upon suppressing classically irrelevant ingoing modes, we 
have calculated the Hawking temperature and fluxes of the black holes. The results found 
are consistent with the surface gravity formula and the fluxes obtained from integrating the 
Planck distribution, respectively. 

The method of Wilczek et al. adopted here uses only quantum anomalies at the horizon, 
and therefore it is quite universal, in the sense that it does not depend on the details of 
the quantum fields away from the horizon. Though not well understood why, it seems it 
is always possible to reduce a scalar field action in the background space-time of a black 
hole to an infinite sum of two-dimensional conformal field actions near the horizon. Once 
the dimensional reduction is accomplished. Hawking radiation may be calculated, and so 
far agreement with the Planckian results has been found in all cases where the method has 
been applied, including this paper. An important further development of the method would 
be calculating also the other universal thermodynamic quantity of black holes, namely, their 
entropy. Two-dimensional near horizon conformal field theory has been used to calculate 
the entropy of black holes via the Cardy formula quite successfully in the past [19|, |20|, l21 |. 
We might therefore hope that similar methods may lead to calculation of black hole entropy 
in the framework of the present method too. 
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APPENDIX: NEAR HORIZON LIMIT OF THE ACTION 



In this appendix we give some additional details on the calculations involved in the 
passage from the action (HM to its near horizon limit flTBl) . 
For the determinant of the metric ([2]) we find 

. — rp^sin25 , 
= V,^ ^ • (A.l) 

Note that this is independent of the charge parameter q, and therefore it is the same for 
)oth charged and uncharged black holes. The inverse of the metric ([2]) may be written as 

m 



+ 62)(2mr2 - g2) (^2 ^ ^2) (^2 ^ [^2(^ _ ^2^^2 ^ ^2)) _ ^2^2^2] 



2ma'^b'^ 2abqr'^ cos^ 6Ea + b'^ sin^ 6 S, 



b 



r^Ar r2A, Ae 
aq^ - [2ma + bq{l + a'^g^)]{r^ + 6^) 

bq'^ - [2mb + aq{l + b'^g'^)]{r'^ + a?) 



2^ / 2 2 2 , t2\ 2abq 21 2 2\ 7,4 4 



r^Ar S^r^A^ 

7 2 2 2 

2 ihih ^ 9 Q I '^6 I /I I 2 2\/ 2 I 2\/ 2 i,2n 

= + — ^ + -Y^y^ + g r){r +a){a -b) 

r^Ar cos^ y r"^Ar 

2"^ /72 2 2 I 2\ 2a6q' ,^ 21 2 i,2\ 4 4 



1 



{y'g'r' + a') - ..=^{E^g\r' - b'^) - aV + 1) 



r^Aj, S^r^Aj. 
abg'^q'^ - (1 + g'^r'^){2mab + (a^ + 6^)^) 



r2A, 

pV' = A,, pV'^ = A,. (A.2) 

With ( lA.2p . transforming to the tortoise coordinate r^, defined in (1151) and taking the near 
horizon limit (A,, — > 0) the action in f|T4|) becomes 

S ^ / dtdr, sin 2ed9dipd^ . . . ^ , 0* f A' + '^g'^'DtD^ + 2~g'^DtD^ 

2:ia^b J [r'^ + a^){r^ + b^) + abq V 
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1 2 
I 2 



where the ^'s may be put into the following form: 

- [ir^ + a^)ir^ + b^) + abqY , 

- [(r^ + a^){r^ + b^) + abq] [a{r^ + b'^){l + g^P) + qb] 

- [{r^ + a^){r^ + b^) + abq] [b{r^ + a^){l + g^r^) + qa] 
r^g^^ = -[a{r^ + b^){l + g\^) + qb]■ 
- [b{r^ + a^){l + gh-^) + qa\'' 

- [a{r^ + + c/V^) + qb] [^(r^ + a^){l + c/V^) + qa] 
The above clearly satisfy the following identities: 



r'g'^ 



(A.4) 



(A.5) 



The identities (lA.Sp along with the observation that Via and fi;, in fll7p are given precisely 
by 

■xti^ -xttb 

(A.6) 



qt'P 

Q = — 

-ft 

gtt 



gtt 



allow one to rewrite the action in (IA.3P into the form given in the text f|T6l) . 
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